
INTRODUCTION TO MATH 3150

Welcome to Real Analysis! This is the first and most important document for this course and it
should be read carefully. For many of you this course will provide your first exposure to rigorous
mathematics. This means that in this course you will be required to prove things. Even if you already
have experience with proofs and formal rigorous mathematics, these notes will be useful in preparing
you for the standard notation, terminology and general expectations of this course. For those of you
who have never written or read a proof, these notes may be viewed as a crash course on the basics that
you need in order to do well. The main topics that are covered are the importance of definitions
for this course and the standard methods of proof, i.e. disproving and counter-examples, direct
proof, contradiction, contrapositive, and induction. Examples are included throughout in order to
highlight certain aspects of these topics and to make things more clear. Included at the end of this
document is a table of standard notation. This table may be used a reference for the course
and covers the standard terminology and notation used throughout, i.e. implies, if and only if,
function, set, subset, union, intersection, exists, for all, etc. It is very important that you familiarize
yourself with the main topics, terminology and notation of these notes by the beginning of the second
week of classes! Finally, it is suggested that you read these notes with a pencil and paper in hand
and be sure to note and try to work through any questions that you may have as you read. We begin
with the following note about definitions. It can not be stressed enough how important definitions
are and we highlight this now.

DEFINITIONS: Note that definitions are one of the most important aspects of this course and
should be MEMORIZED and UNDERSTOOD ! You will be tested on your knowledge and under-
standing of definitions during quizzes and exams!

For example, the word “field” has a very specific definition in mathematics and this has nothing to
do with corn! In fact, we will see that this word requires 10 “axioms” (i.e. mathematical conditions)
to be satisfied in order to be true. As another example, we will also define the word “ordered field”
which requires a total of 16 axioms to be satisfied. It turns out that every ordered field is a field, but
not the other way around, i.e. we will prove in our homework that a certain field is not an ordered
field. There are many other words that we will define in this course, such as “sequence, bounded,
convergence, limit, open, closed,” etc. Definitions will usually be presented formally during lectures
and in the course book. This means that the key words being defined are presented as underlined,
boldfaced, or italicized and it is made clear that a definition is being made (in the next example
we define a “sequence of real numbers”) by declaring this with the word Definition. Sometimes
definitions are made without formally making a declaration (i.e. without using the word Definition),
and in this case such words should still be underlined, boldfaced, or italicized. Here is an example
of a formal definition.

Definition 1. A sequence of real numbers is an ordered list a1, a2, a3, . . . , an, . . . where an is a
real number for all n = 1, 2, 3, . . .. We also write an to refer to a sequence of real numbers if we do
not wish to write all the terms in the entire sequence.

After a definition has been made your first job is to memorize it and also understand it ! In order
to better understand a definition, quite often a few examples are presented immediately after the
definition has been made. Sometimes new notation or an equivalent formulation of a definition is
introduced in these examples, and although this notation could more properly be included in the
definition itself, it is common practice to do things this way.

Example 2. An example of a sequence of real numbers is a1 = 1, a2 = 4, a3 = 9, . . . , an = n2, . . .,
i.e. an = n2 for all n = 1, 2, 3, . . .. Another example of a sequence of real numbers is b1 = 7, b2 =
7, b3 = 7, . . . , bn = 7, . . ., i.e. bn = 7 for all n = 1, 2, 3, . . .. Note that we alternatively write a sequence
using the list notation an = (1, 4, 9, . . .), or bn = (7, 7, 7, . . .). Also, one can think of a sequence as
a function from the set of naturual numbers N = {1, 2, 3, . . .} into the set of real numbers R (see
the table at the end of this document for the definition of “function, set, natural numbers,” and note
that we will spend the first part of this course building up to a definition of the real numbers!). That
is, a sequence an = (a1, a2, a3, . . .) may be thought of as a function f : N→ R so that f(n) = an.
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PROOFS: Note that the ability to write, read and understand a proof is the most important part
of this course!

The basic structure of a proof is easy to state: it is just a series of statements that are clearly written
and that flow, each one being either:

(a) An assumption
(b) A conclusion, clearly following from an assumption or previously proved result.

Definition 3. Before a statement has been given a proof as to whether it is true or false, we call it
a conjecture.

Example 4. For example, prior to 1995, a famous conjecture was “Fermat’s Last Theorem.” It
stated that for any integer n ≥ 3 that there are no positive integer triples (x, y, z) (i.e. integers
x, y, z ≥ 1) that are solutions to the equation,

(1) xn + yn = zn.

Pierre de Fermat wrote down this conjecture in 1637 and claimed that he had a proof, but that it was
too large to fit in the margin of this notes! Andrew Wiles wrote down a proof of this conjecture in
1995 (358 years later!), which was over 150 pages long and consumed seven years of his life! Note
that the maximum length of a proof in your homework should definitely be less than 150 pages!

Definition 5. Once a conjecture has been shown to be a true statement we label it as a corollary,
lemma, proposition or theorem. A lemma is a result which is used primarily to prove a more
important result (i.e. a theorem or proposition), and a corollary as a special case or consequence of
a theorem.

Example 6. For example in calculus, we could think of Maclaurin’s Theorem as a corollary to
Taylor’s Theorem.

Remark 7. When first learning how to write a proof, one quite often finds themself in a position
where they “don’t know where to start.” It is probably impossible to teach how to prove something
and the best one can offer is a catalog of types of proof along with examples. By reading proofs, the
student can often gain insight as to how to prove their own particular result. Once they have gained
some experience, they might then be ready for more complicated proofs. What is certain is that there
is no cook book solution to obtaining a proof.

METHODS OF PROOF: There are several methods of proof that we will discuss next, such as
disproving and counter-examples, direct proof, contradiction, contrapositive, and induction.

Example 8. (DISPROVING AND COUNTER-EXAMPLES)

Some conjectures are false. Verifying that a conjecture is false is often easier than proving a conjecture
is true. Despite that, showing a conjecture is false may have its own challenges and usually requires a
deep knowledge of the subject. Some statements/conjectures are often shown to be false by “counter-
examples.” For example, one might make the statement, “Every vehicle in a certain parking lot has
four tires.” This can be shown to be false by finding a counter-example, i.e. (at least) one vehicle in
the parking lot which does not satisfy the conclusion of having four tires. As a mathematical example,
consider the following,

Conjecture 9. For all prime numbers p, 2p+ 1 is prime.

This statement is true for the primes 2, 3 and 5. It is also true for the primes 11 and 23. However,
the statement is an assertion for all primes. Clearly the statement is not true for the prime 7 (since
2× 7 + 1 = 15 = 3× 5) and we have obtained a counter-example to the conjecture. This shows that
the conjecture is false.

Example 10. (DIRECT PROOF)

Definition 11. A direct proof starts with a statement, P say, that is assumed to be true and
proceeds through a series of implications to arrive at another true statement, Q say.



Remark 12. Most theorems (homework or test problems) that you want to prove are either explicitly
or implicity in the form “If P , Then Q.” For example, if A,B,C are integers (i.e. elements of the
set Z = {0,±1,±2,±3 . . .} which is also defined in the table at the end of this document), let “P” be
the statement “A divides into B and B divides into C,” and “Q” be the statement “A divides into
C.” The next theorem that we will state is of the form “If P , Then Q,” and is the typical form of a
theorem. We will follow this with a direct proof.

Theorem 13. Let A,B,C be integers. If A divides into B and B divides into C, then A divides
into C.

Proof. The direct proof begins with the statement that A divides into B and B divides into C. Both
of these statements may be written as,

B = mA,

C = nB,

where m,n are integers. Substituting the first equation into the second, we find

C = nB = n(mA) = mnA.

Thus, C = mnA, and this says exactly that A divides into C. This proves the theorem. �

We give another example of a direct proof.

Theorem 14. If a ≥ b are real numbers, then a2 + b2 ≥ 2ab.

Proof. (Note that the proof we give here depends upon some intuitive properties of the real numbers.
These properties are formalized as part of the fact that the real numbers are an example of an “ordered
field.” We will not concern ourselves with these formalities at this point, however.) The direct proof
begins with the assumption that a ≥ b are real numbers, from which we may immediately deduce
that x = a− b ≥ 0 is a positive real number. Thus, x2 = (a− b)2 ≥ 0. Expanding the last inequality,
we have (a− b)2 = a2 + b2− 2ab ≥ 0, and adding 2ab to both sides yields a2 + b2 ≥ 2ab. This proves
the result. �

Example 15. (PROOF BY CONTRADICTION)

Remark 16. In a proof by contradiction we assume, along with the hypotheses, the logical negation
of the result we wish to prove, and then reach some kind of contradiction. That is, if we want to prove
“If P , Then Q,” we assume “P and Not Q,” and try to derive a contradiction. The contradiction
we arrive at could be some conclusion contradicting one of our assumptions, or something obviously
untrue like 1 = 0. In the next theorem, the statement “P” is “x =

√
2” and the statement “Q” is “x

is not a rational number.” We then prove this statement by the method of contradiction.

Theorem 17. If x =
√

2, then x is not a rational number.

Proof. The method of contradiction for this proof begins with the assumption that x =
√

2 and x is
a rational number, i.e. we assume,

(2)
√

2 =
a

b
,

where a, b are integers. We also assume that a
b has been reduced to lowest terms, i.e. a and b have

no common factors (for example if x = a
b = 12

9 we take a = 4 and b = 3 and write x = 4
3). Squaring

both sides of Equation (2) and then multiplying by b2 we have,

(3) 2b2 = a2.

Equation (3) says that a2 is even. This means that a itself must be even (since if a = 2n+ 1 is odd,
then a2 = (2n + 1)2 = 4n2 + 4n + 1 = 2(2n2 + 2n) + 1 is odd, which is impossible since we know
a2 is even). Thus, a = 2m for some integer m, and plugging this back into Equation (3) we find
2b2 = a2 = (2m)2 = 4m2. Dividing both sides of this last equation by 2, we have b2 = 2m2. But
then b itself must be even (this follows by the exact same reasoning we used to show that a is even).
We have therefore shown that both a, b must be even! This actually contradicts our assumption that
a
b has been reduced to lowest terms, i.e. a and b have no common factors. Thus, we conclude that

our assumption that x =
√

2 and x is a rational number is impossible! So it must be true that if
x =
√

2 then x is not a rational number. This completes the proof. �



In the next theorem, the statement “P” is “(x, y) satisfy the equation x2−y2 = 1” and the statement
“Q” is “(x, y) are not both positive integers (i.e. x, y ≥ 1).” The next theorem effectively says that
there are no positive integer solutions to the equation x2 − y2 = 1.

Theorem 18. If (x, y) satisfy the equation x2 − y2 = 1, then (x, y) are not both positive integers.

Proof. The method of contradiction for this proof begins with the assumption that (x, y) satisfy
the equation x2 − y2 = 1, and (x, y) are both positive integers. This equation may be written as
(x + y)(x − y) = 1. Since (x, y) are both positive integers (maybe not positive, but that doesn’t
matter), then in particular both x+ y and x− y are integers. The equation (x+ y)(x− y) = 1 then
says that x + y and x − y are integer factors of 1 and the only way this can happen is if either one
of the following two possibilities holds,
(i) x+ y = x− y = 1,
(ii) x+ y = x− y = −1.
In case (i) we add x + y = 1 and x − y = 1 together to find x = 1. Thus, x + y = 1 + y = 1
implies y = 0, which is a contradiction because we assumed that y ≥ 1. In case (ii) we may also
add x+ y = −1 and x− y = −1 together to find x = −1. This is also impossible since we assumed
that x ≥ 1. Hence, we get a contradiction in all cases, and so our assumption that (x, y) satisfy the
equation x2 − y2 = 1, and (x, y) are both positive integers must be false! Thus, if (x, y) satisfy the
equation x2 − y2 = 1, then (x, y) are not both positive integers. This proves the theorem. �

Remark 19. (CONVERSE OF A THEOREM)

The converse of “If P , Then Q” is the assertion “If Q, Then P .” For example, the converse of “If
it is my car, then it’s red” is “If the car is red, then it’s mine.” It should be clear from this example
that there is no guarantee that the converse of a true statement is true. Another example is the
converse of Theorem 18, which would say, “If (x, y) are not both positive integers, then (x, y) satisfy
the equation x2−y2 = 1.” This last statement/conjecture is actually not true, however, since we can
find a counter-example, i.e. take x = 2 and y = 0, which are not both positive integers (i.e. ≥ 1),
then it is easy to see that these do not satisfy the equation x2 − y2 = 1. Even though it is sometimes
the case that the converse of a true statement is also true, this is not typical. Here is an example if
a statement for which the converse is true,

“If x2 = 1, where x is a real number, then x = ±1.”

This statement is certainly true, and its converse is also true,

“If x = ±1, where x is a real number, then x2 = 1.”

Example 20. (PROOF BY CONTRAPOSITIVE)

Remark 21. Proof by contrapositive takes advantage of the logical equivalence between “P implies
Q” and “Not Q implies Not P .” For example, the assertion “If it is my car, then it is red” is
equivalent to “If that car is not red, then it is not mine.” So, to prove “If P , Then Q” by the method
of contrapositive means to prove “If Not Q, Then Not P .” Note that the difference between the
Contrapositive method and the Contradiction method is subtle. Let’s examine how the two methods
work when trying to prove “If P , Then Q.”

Method of Contradiction: Assume P and Not Q and prove some sort of contradiction.
Method of Contrapositive: Assume Not Q and prove Not P .

The method of Contrapositive has the advantage that your goal is clear: Prove Not P . In the method
of Contradiction, your goal is to prove a contradiction, but it is not always clear what the contradiction
is going to be at the start.

For our next example of a proof by Contrapositive we will need two notions. First, an integer n
is called a perfect square if there is another integer j such that n = j2. For example, 13689 is a
perfect square since 13689 = 1172. The second idea is the remainder and modular arithmetic. For
two integers m and n, nmod(m) = r will be the remainder resulting when we divide m into n. This
means that there is an integer q such that n = mq + r. For example, 127mod(29) = 11 since 29
will go into 127 a total of 4 times with a remainder of 11 (or, in other words, 127 = 4 × 29 + 11).
Determining whether or not a positve integer is a perfect square might be difficult. For example, is



82, 642, 834, 671 a perfect square? First we compute 82, 642, 834, 671mod(4) = 3. Then we may use
the following theorem to conclude that 82, 642, 834, 671 is not a perfect square.

Theorem 22. If n is a positive integer such that nmod(4) is 2 or 3, then n is not a perfect square.

Proof. We will prove the contrapositive version: “If n is a perfect square then nmod(4) must be 0
or 1.” (Do you understand why this is the contrapositive version?) Suppose n = j2. There are four
cases to consider.

(i) If jmod(4) = 0, then j = 4q, for some integer q. Then, n = j2 = 16q2 = 4(4q2) , i.e. nmod(4) = 0.
(ii) If jmod(4) = 1, then j = 4q+1, for some integer q. Then, n = j2 = 16q2+8q+1 = 4(4q2+2q)+1,
i.e. nmod(4) = 1.
(iii) If jmod(4) = 2, then j = 4q+2, for some integer q. Then, n = j2 = 16q2+16q+4 = 4(4q2+4q+1),
i.e. nmod(4) = 0.
(iv) If jmod(4) = 3, then j = 4q + 3, for some integer q. Then, n = j2 = 16q2 + 24q + 9 =
4(4q2 + 6q + 2) + 1, i.e. nmod(4) = 1.

In all cases we see that nmod(4) must be 0 or 1. This completes the proof. �

Example 23. (PROOF BY INDUCTION)

Remark 24. It is common that the validity of a statement must be proved for all natural numbers
starting from a certain number. This starting number is usually 0 or 1, but it could be any natural
number n0. We will assume, for now, that the starting number is 1. The method of induction is
really about proving an infinite number of statements, P (n) say, each of which depends on the natural
number n. For example, given a natural number n, we could write down the statement,

(4) P (n) =

{
The equality holds, 1 + 2 + 3 + · · ·+ n =

n(n+ 1)

2
.

}
The principle of mathematical induction gives us a method to prove the statement P (n) for all n.

Principle of Induction

Let P (n) be a statement for each natural number n = 1, 2, 3, . . .. If the following hold,

(I) P (1) is true,
(II) P (n) is true implies that P (n+ 1) is true,

then P (n) is true for all natural numbers n.

Proposition 25. For any natural number,

(5) 1 + 2 + 3 + · · ·+ n =
n(n+ 1)

2
.

Proof. We will prove that Equation (5) holds for any natural number n using induction. As above,
we will refer to Equation (5) as the statement,

(6) P (n) =

{
The equality holds, 1 + 2 + 3 + · · ·+ n =

n(n+ 1)

2
.

}
To do this we must establish that the two conditions above hold,

(I) P (1) is true,
(II) P (n) is true implies that P (n+ 1) is true,

To see that (I) holds simply observe that the left hand side of Equation (5) is 1 and the right

hand side is n(n+1)
2 = 1(1+1)

2 = 2
2 = 1. Thus, P (1) is true and we have established (I). Next we must

show that (II) holds. To see this we make the inductive assumption that P (n) is true. Using this



assumption, our aim is to show that P (n+1) is true. Let us start with the left hand side of P (n+1),

1 + 2 + 3 + · · ·+ n+ (n+ 1) = (1 + 2 + 3 + · · ·+ n) + (n+ 1),

=

(
n(n+ 1)

2

)
+ (n+ 1), by the inductive assumption,

=

(
n(n+ 1)

2

)
+

(
2(n+ 1)

2

)
, rewriting n+ 1 with common denominator,

=
n(n+ 1) + 2(n+ 1)

2
,

=
(n+ 1)(n+ 2)

2
, factoring out (n+ 1) from the line above.

Observe that we have just shown that 1 + 2 + 3 + · · ·+n+ (n+ 1) = (n+1)(n+2)
2 , and this is precisely

the statement P (n + 1). Thus, by induction, P (n) must be true for all n ≥ 1. This completes the
proof. �

Remark 26. Note that there is an alternative form of the principle of induction called the Principle
of Strong Induction. This principle is sometimes useful because it allows one to use a stronger
assumption in proving that part (II) of the principle of induction holds.

Principle of Strong Induction

Let P (n) be a statement for each natural number n = 1, 2, 3, . . .. If the following hold,

(I) P (1) is true,
(II) P (1), P (2), . . . , P (n) are true implies that P (n+ 1) is true,

then P (n) is true for all natural numbers n.

Remark 27. Note that the Principle of Strong Induction allows us to use the stronger as-
sumption that all of P (1), P (2), . . . , P (n) are true in order to prove that P (n + 1) is true! Of
course, this means that you could end up using just the statement P (n) (instead of all the statements
P (1), P (2), . . . , P (n)) to prove P (n+ 1), in which case you are really just using the first Principle of
Induction. Before we give an example that uses strong induction let us define some terminology. Let
the Tribonacci sequence be defined by T1 = T2 = T3 = 1 and Tn = Tn−1 + Tn−2 + Tn−3 for n ≥ 4.
In the next proposition the statement we would like to prove for all n ≥ 1 is,

(7) P (n) = {The inequality holds, Tn < 2n} .

Proposition 28. For all natural numbers n ≥ 1 the Tribonacci sequence satisfies,

(8) Tn < 2n.

Proof. First we must prove the base case (I). This is trivial to check since T1 = 1 < 21 = 2. Next
we must check (II). Notice that we must check that (II) holds for any n. Clearly if n ≤ 2 then (II)
holds because P (n + 1) is always true in these cases, i.e. P (2), P (3) (for n = 1, 2, respectively) are
true since T2 = 1 < 22 = 4 and T3 = 1 < 23 = 8. Thus, we are left to check (II) in the case that
n ≥ 3. Start by making the inductive assumption that P (1), P (2), . . . , P (n) are true where n is any
integer greater than or equal to 3. Consider the left hand side of Equation (8) for P (n+ 1),

Tn+1 = Tn + Tn−1 + Tn−2, by definition of Tn+1 when n+ 1 ≥ 4,

< 2n + 2n−1 + 2n−2, by the inductive assumption,

=

(
1 +

1

2
+

1

4

)
2n, factoring out 2n,

< 2 · 2n, since 1 +
1

2
+

1

4
< 2,

= 2n+1.

Observe that we have just shown that Tn+1 < 2n+1, and this proves (II). Thus, by the principle of
strong induction Tn < 2n is true for all natural numbers n ≥ 1. This completes the proof. �



Standard Mathematical Notation for MATH3150
Notation Meaning Example

S = {· · · } “S is a set,” and is described
inside the curly brackets

S = {a, b, c}, i.e. S is the set
of “objects,” i.e. letters a, b, c.

x ∈ S “x is a member of the set
S,” or “x (belongs to)/(is con-
tained in) the set S.”

“If S = {a, b, c}, then a ∈ S,”
i.e. “If S is the set consisting
of the objects a, b, c, then the
object a is a member of the set
S.”

A ⊂ S, A ⊆ S, or S ⊃ A,
S ⊇ A

“Strict subset of, not equal
to whole set,” “Subset of,
possibly equal to whole set.”
Note that we sometimes are
not careful about distinguish-
ing these

“If A = {a, c}, and S =
{a, b, c}, then A ⊂ S, or
equivalently S ⊃ A.” = “If
A is the set consisting of the
objects a, c, and S is the set
consisting of the objects a, b, c
then A is a subset of S.”

⇒, or ⇐ “Implies,” either from the left
or the right

“x2 = 1 ⇒ x = ±1,” i.e.,
“x2 = 1 implies that x is ei-
ther plus or minus 1.” OR, it
is also true that, “x2 = 1 ⇐
x = ±1.”

⇐⇒ “If and only if,” holds when
statement on the left implies
statement on the right, and
also statement on the right
implies statement on the left

As we saw in the preceeding
example, “x2 = 1 ⇐⇒ x =
±1.”

A = S “The set A is equal to the set
S,” i.e. we define this to mean
that A ⊆ S and A ⊇ S

If A = {−1, 1} and S =
{x, such that, x2 = 1}, then
A = S.”

N, N0 “N is the set of natural num-
bers,” i.e. N = {1, 2, 3, . . .}.
N0 = {0, 1, 2, 3, . . .} is the nat-
ural numbers including 0

17 ∈ N.

S = ∅ “The set S contains no ob-
jects,” or “S is the empty set.”

If, S = {x ∈ N,
such that, x2 = −1}, then
S = ∅.

Z “Z is the set of all
integers,” i.e. Z =
{. . . ,−3,−2,−1, 0, 1, 2, 3, . . .}

If A = {x ∈ Z,
such that, x is even}, then
A ⊂ Z.

IMPORTANT

NOTATION: Instead
of writing “such that” to
describe a set, we use a
vertical bar “|,” so that
above set A is equivalent to:
A = {x ∈ Z | x is even}

Q “Q is the set of all ratio-
nal numbers,” i.e. Q =
{a/b | a, b ∈ Z, b 6= 0}

1/2,−17/5 ∈ Q

A ∪B “A∪B is the union of the sets
A and B,” i.e. A∪B is the set
of all objects that are in either
A or B

If A = {a, b, c} and B =
{c, d, e}, then A ∪ B =
{a, b, c, d, e}.



Standard Mathematical Notation for MATH3150
Notation Meaning Example⋃∞

i=1Ai “If Ai is a family of sets with
i = 1, 2, 3, . . ., then

⋃∞
i=1Ai is

the union of all the sets Ai,”
i.e.

⋃∞
i=1Ai is the set of all

objects that are in at least one
of the Ai

If Ai = {i}, i = 1, 2, 3, . . .,
then,⋃∞

i=1Ai = N.

A ∩B “A ∩ B is the intersection of
the sets A and B,” i.e. A ∩B
is the set of all objects that
are in both A and B

If A = {a, b, c} and B =
{c, d, e}, then A ∩B = {c}.

⋂∞
i=1Ai “If Ai is a family of sets with

i = 1, 2, 3, . . ., then
⋂∞

i=1Ai is
the intersection of all the sets
Ai,” i.e.

⋂∞
i=1Ai is the set of

all objects that are in all of
the Ai

If Ai = {i}, i = 1, 2, 3, . . .,
then,⋂∞

i=1Ai = ∅.

A\B “A\B is the complement of B
relative to A,” i.e. A\B is the
set of all objects that are in A
and not in B

If A = {a, b, c} and B =
{c, d, e}, then A\B = {a, b}.

x /∈ S “x /∈ S means that the object
x is not in the set S,”

A\B = {x ∈ A | x /∈ B}.

A×B “A×B is the Cartesian prod-
uct of A and B,” i.e. A × B
is the set of all ordered pairs
(a, b) with a ∈ A and b ∈ B

If A = {α, β} and B = {x, y},
then,

A×B =

{(α, x), (α, y), (β, x), (β, y)}.∏n
i=1Ai “If Ai is a family of sets

with i = 1, 2, 3, . . . , n, for
some positive integer n, then∏n

i=1Ai = A1×A2×A3×· · ·×
An is the Cartesian product of
all the sets Ai.”

If Ai = {i}, i = 1, 2, 3, . . . , n,
then,∏n

i=1Ai = {(1, 2, 3, . . . , n)}.

R “The set of all real numbers” 0, 1,−43156234, π,
√

2. There
are different ways to define R,
for example Google “Defini-
tion of real numbers,” and/or
“Dedekind cuts” for a rigor-
ous definition. We will spend
some time studying this.

R2 “R2 is the set of all pairs of
real numbers,” e.g. R2 = R×
R is the Cartesian product of
R with itself

(2,
√
π) ∈ R2.

Rn “Rn is the set of all n-tuples
of real numbers,” e.g. Rn =∏n

i=1R = R×R×· · ·×R is the
Cartesian product of R with
itself n-times

Say, n = 3. Then
(2,
√
π,−111) is in R3.

∃ “There exists” “∃ infinity prime numbers” =
“There exists infinity prime
numbers.”

∀ “For all” “x < 2 ∀ negative real num-
bers” = “x < 2 for all nega-
tive real numbers.”



Standard Mathematical Notation for MATH3150
Notation Meaning Example

f : A→ B, for A,B sets. “f is a function mapping from
A to B,” i.e. a function is a
“rule” that assigns to each a ∈
A a single object in B, called
f(a) ∈ B.

“Say f(x, y) = (2x, 3x −
y,−x + y), then f : R2 →
R3” = Say f(x, y) = (2x, 3x−
y,−x+y), then f is a function
mapping from R2 to R3.

f : A → B, a function and
A,B sets.

domain

codomain

range

graph

The set A is called the do-
main of f and B is called
the codomain. The range of
f is the subset of B defined
by f(A) = {f(a) ∈ B | a ∈
A}. The graph of f is the set
{(a, f(a)) ∈ A×B | a ∈ A}.

If f : R → R is the function
f(x) = x2, then the domain of
f is R, the codomain is R, the
range is all non-negative real
numbers, and the graph may
be drawn as a parabola.

f : A → B, a function and
A,B sets.

one-to-one, or injective

onto, or surjective

The function f is called one-
to-one or injective if f(a) =
f(b) implies that a = b, i.e.,
two different objects a 6= b
must get mapped under f to
two different objects f(a) 6=
f(b), and f is called surjective
if the range is the same as a
codomain, i.e. for every b ∈ B
∃ a ∈ A such that f(a) = b

If f : R → R is the func-
tion f(x) = x2, then f is
not one-to-one since f maps
±1 to the same value. Re-
call, that a function f : R →
R is injective if and only if
its graph passes the horizon-
tal line test. This function is
also not surjective since there
is no a ∈ R such that f(a) =
a2 = −1. NOTE: We could
re-define the codomain to be
the non-negative integers f :
R → R≥0, and then f would
be surjective.

f : A→ B, for A,B sets, and
C ⊆ A, D ⊆ B,

f(C)

f−1(D)

f(C) = {f(c) ∈ B | c ∈ C},
i.e. the set of all values that
f takes on the set C, and
f−1(D) = {a ∈ A | f(a) ∈
D}, i.e. the set of all objects
in A that get mapped into the
set D under f

If f : R → R, defined by
f(x) = sin(πx), and C = R,
then f(C) = all real numbers
x such that −1 ≤ x ≤ 1.
If D = {0}, then f−1(D) =
f−1(0) = Z

f : A → B, a one-to-one and
onto function and A,B sets.

f−1 : B → A

If f : A → B is one-to-one
and onto, then for each b ∈
B there is a unique a ∈ A
such that f(a) = b, and this
defines the inverse function
f−1 : B → A, as f(b) = a.
A function that is one-to-one
and onto is also called a bijec-
tion.

If f : R → R is the function
f(x) = x3, then f is a bijec-
tion and its inverse function is
given by f−1(x) = x1/3.

7→ “Maps to” “Say f(x, y) = (2x, 3x −
y,−x + y), then (0, 1) 7→
(0,−1, 1)” = “Say f(x, y) =
(2x, 3x−y,−x+y), then (0, 1)
maps to (0,−1, 1) under the
function f .” Note that some-
times we write f : (0, 1) 7→
(0,−1, 1) to stress that the
mapping corresponds to f .

f : A → B, g : B → C for
A,B,C sets

g ◦ f : A→ C

g ◦ f : A → C is called
the composition of the func-
tions f and g and is defined as
g ◦ f(a) = g(f(a)) for a ∈ A

If f : R → R, f(x) = x2 and
g : R→ R, g(x) = x+ 2, then
g ◦ f(x) = x2 + 2. Also, f ◦
g(x) = (x+ 2)2


